This article shows different friction prediction models applicable to lubricants in point contacts under an elastohydrodynamic regime. The types of models used are two variations of the Newtonian theory, the Limiting Shear Stress model and the one based on Carreau's equation. The article sets out the theoretical calculation procedures and the ensuing equations for calculating the friction coefficient.
INTRODUCTION
The behaviour of mineral oils in elastohydrodynamic (EHD) point contacts and under severe operating conditions fails to comply with Newtonian formulation [1] . In these cases, this classical model is generally insufficient, which means that it is necessary to have recourse to new rheological behaviour models for the oil.
Thus, lubricants in EHD contacts can be considered non-Newtonian fluids and two other models are used to calculate the friction coefficient: the Limiting Shear Stress model [2, 3] and Carreau's Model [1] . They are particularly suited for predicting the friction (or traction) coefficient and observing the effect of the parameters with influence on friction.
The experimental stage was carried out on a mini traction machine (MTM) (PCS Instruments; http:// www.pcs-instruments.com), a test machine designed to obtain the friction (or traction) coefficient in lubricated point-type contacts. The tests carried out were used to verify the effect of the different variables on friction and to observe the correlation between the theoretical models and the experimental results obtained for these lubricants.
NEWTON'S MODEL
As a starting point, the Newtonian model for viscous fluids is applied to describe the lubricant behaviour. For the calculation of the shear stress, the following hypotheses are made.
1. The sliding component of the friction is taken into account [4] , which is measured by the MTM. 2. The velocity gradient is taken as linear [4] . 3 . Film thickness is approached as constant in the whole of the contact and equal to the central film thickness [3, 5] . 4 . The increase in lubricant viscosity with the pressure is given by Barus' Law [6] . 5 . Circular point contact [4] . 6 . Hertzian parabolic pressure distribution, with a contact radius a and a maximum pressure p 0 [5] .
Under these conditions, Newtonian model shear stress (τ ) is expressed as τ = η 0 e αp U h Nc (1) where η 0 is the viscosity at atmospheric pressure, α is the pressure-viscosity coefficient, p is the pressure, U is the sliding velocity between surfaces, and h Nc is the Newtonian central film thickness.
Therefore, by substituting pressure for the Hertzian distribution, integrating the shear stress and dividing by the load (W ), the Newtonian expression for the friction coefficient is obtained as
LIMITING SHEAR STRESS MODEL
Studies on the rheology of lubricants [7, 8] reveal the existence of a shear stress at which point Newton's formulation is no longer valid [2] . This limiting shear stress (τ L ) is dependent on the pressure and temperature
In this model, both the limiting shear stress at atmospheric pressure (τ 0 ) and the dimensionless limiting shear stress-pressure parameter (ζ ) are constants specific to each lubricant. The parameter ζ incorporates the influence of temperature. The simplified model considered constitutes an approach [3] , which consists in taking account of the Newtonian model until limiting shear stress is reached. From then on, shear stress is considered to take on its boundary value. That is
Therefore, the contact area can be divided into two integration domains. The difficulty resides in finding the transition points, where the following equation is fulfilled
By carrying out an iteration, the value of the pressure reached at the limiting shear stress (p * ) is found, where the transition between the Newtonian and non-Newtonian behaviour of the lubricant is produced.
The final aim is to calculate the radius (b) in which a change in oil behaviour is produced
By calling r the radius of the contact zone, the Newtonian domain will correspond to the outermost zone (a > r > b), while in the innermost zone (b < r < 0) the concept of limiting shear stress will be applied. Therefore, the friction force is
By substituting pressure for the Hertzian distribution and dividing by the load (W ), the final expression for the friction coefficient is obtained as
where the maximum pressure or Hertz pressure (p 0 ) is
with a semi-width (radius) of the contact
This parameter includes the influence of Young's reduced modulus (E * ) of the contact materials and the reduced radius of curvature (R) of the surfaces. The parameter m, which measures the relation between the transition radius (b) and the contact radius (a), has been inserted into equation (8)
In addition, having obtained the expression for the friction coefficient (8) using the Limiting Shear Stress model, it is possible to deduce the expression for the friction coefficient for Newton's model (2) , by substituting the parameter m for 1. The high pressure in elastohydrodynamic lubrication (EHL) usually produces the pressure-dependent part to become dominant in equation (3), according to references [9] and [10] . Thus, the limiting shear stress at atmospheric pressure (τ 0 ) can be neglected in most cases, simplifying the use of equations (5) and (8) .
CARREAU'S MODEL
Another way to analyse lubricant rheology [1, 11] is by assuming that actual viscosity in the contact is less than that indicated by Barus' law. Thus, if h c is the non-Newtonian film thickness, generalized viscosity is given by Carreau's equation [12] , which, for this case, can be expressed as
Exponent n is specific to the lubricant and G is its shear modulus. The relative viscosity is defined as
Bair [13] used a modified Carreau equation with shear stress as the independent variable, which gives viscosity results very similar to that of Carreau's equation
The modified Carreau equation has been applied to point and line contacts lubricated with PAO [13, 14] . Figure 1 shows the relation between relative viscosity As shear stress rises, the rheological model considers a reduction in the relative viscosity. The calculating process consists of inserting this corrected (or generalized) viscosity into Newton's law for viscous fluids. Thus, according to Carreau's model (equation (13)), shear stress can be expressed as
By integrating the shear stress in the contact area and dividing by the load, the friction coefficient equation
Equation (16) has been obtained by assuming a value of the Newtonian shear stress substantially higher than the parameter G for most part of the contact area. Otherwise, the integration process for equation (15) should be made numerically. Figure 2 shows the test equipment the MTM used to obtain the sliding component of the friction coefficient in lubricated point-type contacts. The equipment comprises a ball and a disc in contact, moved by independent axes, submerged in a reservoir full of lubricant at a controlled temperature. Therefore, both ball and disc can rotate independently at different speeds, that is, different values can be chosen for the slide-roll ratio (SRR) = 100 U /U , which relates the sliding velocity ( U ) with the average velocity (U ).
EXPERIMENTATION

Mini traction machine
Test programme
Having analysed equations (2), (8) , and (16) obtained for the friction coefficient using different models, it can be deduced that the following variables are involved in its calculation.
1. Viscosity at atmospheric pressure (η 0 ) and the pressure-viscosity coefficient (α) are variables specific to each type of lubricant and vary with temperature (T ). 2. Hertzian pressure (p 0 ) depends on the load (W ), the elasticity of the specimen materials (E * ), and the reduced radius of curvature (R) of the surfaces. 3. Sliding velocity ( U ) is directly affected by the SRR and the average velocity of the surfaces (SRR = 100 U /U ).
Film thickness (h c ) depends on parameters related
to the load conditions, materials, velocity, temperature, and lubricant [7] . 5. Variables associated with a non-Newtonian behaviour of the lubricant: for the Limiting Shear Stress model (τ 0 , ζ ) and Carreau's model (n, G).
Thus, most of the parameters with influence can be fitted or controlled in the MTM. Velocity, temperature, load, and the SRR are test input parameters, while others depend on the lubricant to be tested and the specimen materials. The test plan includes the following experimental ranges. The properties of the testing materials are shown in Table 1 . Young's reduced modulus (E * ) is deduced from Table 1 for the contacts tested: steel-steel (115 GPa) and steel-copper (84 GPa). In the following equations (17) to (19) , Young's reduced modulus is expressed as
The physical properties of the mineral base and the polyalphaolefin (PAO-6) used are shown in Table 2 [9, 15] . Viscosity was measured in the laboratory. For the limiting shear stress at atmospheric pressure, a reference value of τ 0 = 4 MPa is indicated in the literature [10] . However, the pressure reached in all the tests cited is large enough so as to neglect the parameter τ 0 for the calculations. The parameters of the lubricant n and G may be fitted in line with the experimental results [13] . 
MTM work regime
The MTM enables the velocity to be regulated within a wide range, which means the three main lubricating regimes can be distinguished: boundary, mixed, and (elasto)hydrodynamic. In this last area, the Hamrock-Dowson chart [4, 7, 16] has been used to observe the work regime. In this graph, the expressions for the parameters of viscosity (g V ) and elasticity (g E ) are as follows 
The film thickness reduction due to thermal effects has been examined by different authors [19, 20] . Hamrock [16] , based on Gupta et al. [20] , proposes the following empirical formula where L ≈ βη 0 U 2 /K is a thermal loading factor, β is the temperature-viscosity coefficient, and K is the thermal conductivity of the lubricant. ϕ T < 1 is a thermal factor, which multiplied by the Hamrock and Dowson film thickness provides a corrected value of h Nc including thermal effects. The thermal factor can be used for predicting the occurrence of significant thermal effects in point contacts [21] . When ϕ T is close to one, the regime is considered approximately isothermal. Newtonian central film thickness is corrected for shear thinning by using a simple formula of Bair and Winer [22] for Carreau's model
In a previous work [14] , the calculation of the non-Newtonian film thickness (h c ) has shown to improve the central film thickness theoretical calculation for point contacts.
Once the non-Newtonian film thickness (h c ) and the surface roughness (σ 1 and σ 2 ) are known, the film thickness parameter (λ) can be calculated [2] 
The surface roughness measured for the specimens is σ = 2.24 × 10 −8 m. The value λ = 3 of this film parameter allows the limit between the mixed lubrication regime and the EHD regime to be set [8] . For the MTM equipment, a minimum velocity of approximately 2000 mm/s has been calculated, according to equations (18) to (21) , to determine the limits of the EHD regime in the experimentation. Thus, the lubrication regime can be taken as EHD for velocities above approximately 2000 mm/s.
RESULTS ANALYSIS AND DISCUSSION
Theoretical and experimental responses to variations in the parameters with influence
Friction force is the result of integrating shear stress (τ ) in the contact area. Therefore, by using the simplified Limiting Shear Stress model a first approach for the friction coefficient is obtained when an EHD contact reaches the non-Newtonian behaviour. As a result, a prediction for the effect of the different parameters with influence on the shear stress can be analysed and the results extended to the friction coefficient.
In most of the testing conditions indicated in section 5.2, the thermal reduction in film thickness is below 5 per cent for both the mineral oil and the PAO, when estimated with equation (19) . Therefore, the EHL regime can be considered approximately isothermal. The thermal conductivity reference value at 80 • C is 0.12 W/m • C for the mineral oil and 0.15 W/m • C for the PAO-6, and these values vary with pressure and temperature [23] .
Temperature
The effect of a rise in temperature on the model is that the viscosity (η 0 ) and pressure-viscosity coefficient (α) fall. According to equation (1), the shear stress decreases and a delay is caused in reaching the non-Newtonian conditions. A rise in temperature also leads to a slight decrease in the limiting shear stresspressure coefficient (ζ ) that involves a decrease in the shear stress, as can be observed in equation (3).
The results for the mineral base are shown in Fig. 4(a) , it can be appreciated how the shear stress is less at 80 • C than at 40 • C in the two zones (Newtonian and non-Newtonian), which means the integration area is smaller and a decrease in the friction coefficient is to be expected. Indeed, experimentally, a decrease in friction coefficient can be observed ( Fig. 4(b) ) in the EHD zone as the temperature increases.
Load
An increase in load leads to an increase in maximum pressure (p 0 ) and the half width of contact (a). This causes the lubricant to behave like a non-Newtonian fluid in more contact area, and so limiting shear stress is reached sooner. Figure 5 (a) reflects the increase in the integration area obtained by taking into (1) and (3). By extension, the friction coefficient increases in the whole EHD region of the experimental curve, as can be seen in Fig. 5(b) .
Materials
As Young's reduced modulus in the contact increases (E * ), the contact radius (a) decreases. At the same time, the maximum pressure rises and the non-Newtonian behaviour of the lubricant is reached in more contact area. The combination of both effects can be seen in Fig. 6(a) , given by expressions (1) and (3). The effect of a rise in pressure p 0 is much greater than that of a decrease in radius (a), with the shear stress integration area being increased. The main increase is produced in the non-Newtonian domain, due to the considerable influence of the pressure on the limiting shear stress (3), which means that in the case of steelsteel the friction coefficient is greater, as observed in Fig. 6 (b).
Slide-roll ratio
Taking equations (1) and (3), a higher SRR can lead to non-Newtonian behaviour in more contact area. The results shown in Fig. 7(a) are reasonable since a higher SRR involves an increase in sliding and, thus, a faster rise in shear stress. When non-Newtonian behaviour has been reached in both cases (SRR = 5 per cent and SRR = 25 per cent), there are no differences in the value of limiting shear stress, as the same conditions of pressure and temperature exist ( Fig. 7(a) ). It can be seen that the increase in the integration area, and by extension, in the experimental friction coefficient ( Fig. 7(b) ), has its origins in the Newtonian domain. 
Lubricant
In the case analysed for a polyalphaolefin (PAO-6), the latter behaves like a Newtonian fluid in the whole of the contact zone, at no time reaching limiting shear stress ( Fig. 8(a) ). This Limiting Shear Stress model appropriately predicts a decrease in the friction of the polyalphaolefin with respect to the mineral base, as depicted in Fig. 8(b) , the main reason for which is its lower pressure-viscosity coefficient value (α). The friction coefficient calculated is higher because the shear stress is overvalued. This is particularly due to the failure to take account of a transition zone between Newtonian and non-Newtonian behaviour ('Newtonian' and 'Viscoplastic' straight lines depicted in Fig. 9(b) ), which is taken into account in the more mathematically complex rheological models also shown in Fig. 9(b) [16] . Similar results are obtained for all the testing conditions considered. Therefore, for predicting the value of the friction coefficient, other more complex models are required, like Carreau's equation. In this model, the film thickness calculation is based on equation (18) , corrected by the thermal factor (equation (19) ) and the simple formula (20) . The parameters n and G, which vary with temperature, and less importantly, with pressure [24] , must be fitted through previous tests, using two different conditions for each temperature, to obtain two equations (16) that allow the deduction of the parameters n and G.
Predicting the friction coefficient
When thermal effects are important, these parameters must be calculated by using two previous tests not only at the same bulk temperature but also with equivalent thermal effects in the contact. In this case, the decrease in viscosity can be estimated by comparing the thermal and isothermal film thickness. As the viscosity-temperature relation is known, an average real inlet temperature can be obtained for the lubricant.
As commented before, for the testing conditions used in this article, the EHD lubrication regime can be considered approximately isothermal. However, the non-Newtonian effect has shown to produce a significant reduction in the film thickness and therefore has been considered in the calculations.
The values obtained for the two previous tests carried out in the MTM at 80 • C and 20 N are n = 0.81 and G = 1.0 × 10 5 Pa. By way of example, Fig. 10 shows the values obtained for the PAO-6 for n depending on the bulk temperature. Table 3 compares the values obtained for n and G with those consulted in the bibliography [13, 14] for polyalphaolefins of different viscosity at different temperatures. In Fig. 11 , the shear stress profile for the PAO-6 obtained using Carreau's equation is compared with the Limiting Shear Stress model. An important reduction in the shear stress is found with Carreau's formulation, which leads to a reduction in the friction coefficient calculated. The simplified model indicates that the limiting shear stress is not reached and therefore Fig. 11 reflects an increase in the divergence between 'Newtonian' and 'Carreau' curves in the maximum pressure zone, which is in line with Fig. 9(b) for a value lower than one of the dimensionless shear strain rate. Figure 12 shows a comparison of the theoretical results obtained for the PAO-6 by applying Carreau's model with those obtained experimentally with the MTM for steel-copper contact at 80 • C under a load of 20 N and SRR = 25 per cent. The results indicate a high degree of correlation between predicted and experimental data. It should be remembered that the lubrication regime can be taken as EHD for velocities above ∼2000 mm/s. Figure 13 shows a broader theoretical-experimentation comparison under the EHD regime (2000 < U < 3000 mm/s). As can be seen, when the contact materials, the load, or the SRR are changed, the Carreau model perfectly describes the friction behaviour of the lubricant in the EHD region. The same occurs when other parameters are varied, showing in most cases deviations below 7 per cent between predicted and experimental data, once the n and G parameters have been fitted to each temperature.
CONCLUSIONS
Theoretical analytical models have been obtained for estimating friction coefficient. The test plan performed on the MTM enables these models to be verified as well as to develop a study of the variables with influence on the phenomenon.
The Limiting Shear Stress model is a powerful tool for analysing the effect of the parameters with influence on friction in the EHD regime. Dividing the contact into two lubricant behaviour zones makes it easier to see how the regions change as the variables with influence are altered. A predictive analysis of the effect of the variables with influence on friction has been made and the results have been verified experimentally using an MTM over a wide operational range.
The Limiting Shear Stress model overestimates friction unless a detailed transition of non-Newtonian to Newtonian behaviour is taken into account. From a precision point of view, Carreau's model fits perfectly to the experimental results in all the tests performed, although it needs to be fitted to each temperature for the n and G values of the model.
